I. Introduction
The nonclassical states of the electromagnetic fields and of the atomic center-of mass motion for trapped ions are important in quantum optics due to their interesting characteristics. In recent years and according to the fundamental principles of quantum optics different types of nonclassical states have been designed [1] [2] [3] . Coherent states (CSs), their variants and generalizations have been extensively studied over the last four decades. [4, 5] . The usual CSs introduced by Glauber [6] , are eigenstates of the annihilation operator â of the harmonic oscillator, i.e.,     â and have widespread applications in various fields of physics (5, (7) (8) (9) . There exist states of the electromagnetic field whose properties, like squeezing, higher order squeezing, antibunching and sub-Poissonian statistics (10, 11) , are strictly quantum mechanical in nature. is nonlinear in the generators of the algebra [12] [13] [14] . The so-called nonlinear coherent states are defined as the right-hand eigenstates of the product of the boson annihilation operator â and a non-constant function of number operator a a N  [15] , i.e., they satisfy
Where   N fˆ is an operator-valued function of the number operator and a is a complex eigenvalue. The ordinary coherent states  are recovered for the special choice of   1  N f . A class of NLCSs can be realized physically as the stationary states of the center-of-mass motion of a trapped ion [12] . The notion of the NLCS was generalized to the two-photon, one of the two-photon NLCS is the squeezed vacuum state and the other is squeezed first Fock state [16] . Previously, an exponential form of one-mode NLCS f ,  was given and proved that photon-added one-mode NLCSs are still NLCSs [17] . In analogy to the definition of the onemode NLCS, the two-mode nonlinear coherent state TMNLCS is defined as
where â and b are boson annihilation operators;   ; q is the photon number difference between two modes of the field. More recently a new kind of NLCSs using the inverse operators of the boson annihilation and creation operators and introduce a new kind of higher order squeezing and antibunching effect [18] . 
Experimentaly, its well known that the nonclassical PCS can be generated by considering the strong competition between the nonlinear gain (due to four-wave-mixing processes) and the nonlinear absorption in a two-photon medium by which photons are either created in pairs or destroyed in pairs [20, 21] . Another scheme has been suggested for generating vibrational pair coherent states via the quantized motion of a trapped ion in a two-dimensional trap [22] . As an important extension of PCS in the finite dimensional Hilbert space, the finite dimensional PCS and the finite dimensional nonlinear PCS (NLPCS) have been introduced [23, 24] . Also new schemes for generating two new classes of the finite dimensional two-mode states of the vibrational motion of an ion in a two-dimensional trap have been demonstrated. Moreover, their some nonclassical properties have been investigated. The differences in phenomenon between two classes of finite-dimensional PCSs [23, 24] , the standard PCSs [22] and NLPCSs [25] have also been found. Nonlinear extensions of the single-mode squeezed vacuum and squeezed coherent states are constructed. Nonlinear squeezed coherent states (NLSCSs) are defined and special cases of these states are discussed [26] . Also two-mode squeezed vacuum states are constructed and special cases of these states with their nonclassical properties are discussed [27] . On the basis of the concept of superposition principle in quantum optics, a new kind of finite-dimensional even and odd pair coherent states (EONPCSs) have been introduced with investigating their orthonormalized property, completeness relations and some nonclassical properties [28] . In a previous paper [29] , we have introduce new even (odd) nonlinear pair coherent states EONLPCSs. In addition, some nonclassical features and quantum statistical properties of these new correlated two mode states have been investigated. Experimentally NLPCSs may also be generated in the vibrational motion of a trapped ion in a two-dimensional harmonic potential. So for some properties of the NLPCSs, it is possible to have some important applications in the fields of quantum optics and quantum information.
Therefore, the aim of the present paper is to introduce a class of nonlinear pair coherent states and then to study some of its non-classical properties. This manuscript is organized as follows, in section 2 we introduce the definition of NLPCSs. In section 3, we discuss some non-classical properties of NLPCSs, such as the squeezing phenomenon and the sub-poissonian distributions. In section 4, the quasi-probability distribution functions, more precisely we handle the Wigner and the Q-functions. Also the phase properties are considered, in section 5. Finally the conclusions are presented in section 6.
II. Nonlinear Pair Coherent State (NLPCS)
We define the NLPCS's q ,  as the eigenstate of a generalized pair annihilation operator
for the two modes, and the photon number difference between the two modes
Where  is a complex variable (the state parameter) and q parameter is an integer number. The   
Obviously the inherent property of the nonlinear algebra depends on the choice of nonlinearity function f(n). However, prior to everything, one should determine the nonlinearity function of the nonlinear physical system of interest. We will consider the nonlinearity function of the centre-of-mass motion of a trapped ion which is the most popular system function in the nonlinear coherent state literature [30] [31] [32] . The nature of the nonlinearity depends on the choice of the function f (N) [13] . From equation (5), it is clear that for different choices of f (n) we shall get different NLSCS states. In the present study, we choose the nonlinearity function such as
In this case the state is given by, 
In the Fock states of the two modes b a n n , and the normalization constant   q N is given by
The PCS can be obtained as a special case from equation (5) when f i (n)! = 1.
III. Non-classical properties
To discuss the nonclassical properties of the present NLPCS state we shall consider two different phenomena. The first is the squeezing phenomenon which can be quantified via the quadrature variances for the normal squeezing case. As is well known, the squeezing means reduction in the noise of an optical signal below the vacuum limit, in addition to the possibility of potential applications in optical detection in communications networks of gravitational waves [33] [34] [35] [36] [37] [38] . The second is Poissonian and sub-Poissonian behavior which can be measured using the Glauber second-order correlation function. Thus, in the following subsections we will investigate the influence of the controlling parameters q on the nonclassical behavior of the cavity field where, in particular, the squeezing phenomenon and the sub-Poissonian distribution are emphasized.
The squeezing phenomenon
Squeezing, a well-known non-classical effect, is a phenomenon in which variance in one of the quadrature components become less than that in vacuum state or coherent state [6] of radiation field at the cost of increased fluctuations in the other quadrature component. It is well known that squeezed light is a radiation field without a classical analogue where one of the quadratures of the electric field has less fluctuations than those for vacuum at the expense of increased fluctuations in the other quadrature. The usefulness of such light relates to several applications in optical communication networks [39] , to interferometric techniques [36] , and to optical waveguide trap [40] . Such systems can be constructed using linear optics, linear mixing of creation and annihilation operators, and nonlinear operations for state preparation and detection [41] . Mathematically the squeezing can be measured by calculating the Hermitian quadrature variances  and  . In the present subsection, the two-mode frequency sum squeezing defined by the quadrature operators  and  [42] will be discussed. Therefore the variances of  and  takes the form
From which we have
The variances,   
Sub-Poissonian distributions
Antibunching light is an example of nonclassical light and can be determined from a photocountingcorrelation measurement. Practicaly, the measurement can be performed by photon detectors based on photoelectric effect [23, 24] . Theoretically, the nonclassical behavior of the system can be done by examination of its second-order correlation function. In fact the correlation function is usually used to discuss the subPoissonian and super-Poissonian behavior of the photon distribution from which we can distinguish between the classical (bunching) and nonclassical (antibunching) behaviour of the system. The sub-Poissonian behavior is characterized by the fact that the variance of the photon number   Fig. 2( a, b) Fig. 2 ( a, b ) respectively.In other words, increasing q results increasing depth of nonclassicality for the mode b . Generally it can be concluded that the NLPCS has sub-Poissonian nature for both modes. 
IV. Quasi-Probability Distribution Functions
A convenient way of representing the states of the field is through quasiprobability distributions. They allow one to write down quantum expectation values of operators as integrals of the corresponding classical quantities weighted by the distribution function corresponding to the state. The quasiprobability distribution functions (QDFs) are perhaps one of the most well-known important functions in quantum optics [44 -47] . For the statistical description of a microscopic system and to provide insight into the non-classical features of radiation fields, QDSs are needed to be studied [48] [49] [50] [51] . There are three well known types of these functions: Glauber-Sudarshan P, Wigner-Moyal W, and Husimi-Kano Q functions corresponding to normally ordered, symmetric, and anti-normally ordered, respectively. W-function can take on negative values for some states and this is regarded as an indication of the non-classical effects. Also, it is well known that Q function is positive definite at any point in the phase for any quantum state. In fact these functions are important tools to give insight in the statistical description of a quantum mechanical system. Experimentally these functions can be measured via homodyne tomography [52] . In this section we shall concentrate on the W and Q functions only.
The s -parameterized characteristic function (CF) for the two-mode states is defined as follows Where the real parameter s defines the corresponding phase space distribution and associated with the ordering of the field bosonic operators. We consider a phase space QDF for the present states. To begin the state (7) Where
It is clear that, the probability of finding   q n  photons in the mode a , and n photons in the mode b in the state q ,  is given by
After obtaining the parameterized characteristic function by using minor algebra and evaluating the integral in equation (18) (18) as follows 
are the associated Laguerre polynomials given by
To discuss the behavior of the Wigner function  and b  are taken to be equal. In the absence of the q-parameter, the Wigner function shows Gaussian distribution with one positive peak having wide base at the center. The peak has a symmetrical shape around zero, while its maximum reaches nearly the value 0.3, see Fig. 3 (a) . When the value of the q -parameter increases, for example 1  q , we observe negative values attained by the Wigner function, which is a signature of the nonclassical effect. This is quite clear from Fig. 3 (b) where the peak changes its direction to downward. , the interference oscillatory with nonclassicality behavior starts to appear around the center of upward sharper positive peak. This indicates that the function gets more sensitive to the variation in the q-parameter and this of course reflects the change from Gaussian to non-Gaussian states; see Fig.3 (d) .
4.2.The Q-function
The Husimi Q-function is a positive-definite at any point in the phase space for any quantum state, but its simple relation to antinormal operator products makes it difficult to interpret in terms of conventional photon counting or squeezing measurements [45] . By setting 1  s in equation (18), then the Q-function will has the form [42] . In this subspace the Q-function for the state (7) 
V. Phase Distribution
The notion of the phase in quantum optics has found renewed interest because of the existence of phase-dependent quantum noise. It is well known that the phase operator is defined as the projection operator on a particular phase state multiplied by the corresponding value of the phase. In this section, the phase properties using the Pegg-Barnett method [57, 58] The phase distribution will depend on the sum of the phases of the two modes, due to the correlation between them. Therefore, we consider in equ. 
VI. Conclusions
We have studied the nonclassical behavior of the nonlinear pair coherent state for another form of the nonlinearity function. This class of state is characterized by two parameters: the q parameter which is related to . Therefore, the present state may be represents a good kind of two-mode state associated with PCS, and it may have some applications in the fields of quantum optics and quantum information.
